We propose a color moiré pattern simulation and analysis method in integral imaging for finding the moiré-reducing tilted angle of a lens array. According to the tilted angle, the color moiré patterns are simulated on the assumption of ray optics. The spatial frequencies of the color moiré patterns are numerically analyzed using a spatial Fourier transform for finding the optimal angle where the moiré is reduced. With the proposed technique the visualization of the color moiré pattern and its analysis are enabled. The moiré-reduced three-dimensional images can be displayed. The principle of the proposed method, simulation results, and their analysis are provided. Experimental results verify the validity of the proposed method.
Introduction
Integral imaging (integral photography) is an autostereoscopic three-dimensional (3D) display technique [1, 2] . It has attracted much attention owing to its many advantages. It does not need any special glasses and provides quasi-continuous full-color viewpoints within a viewing angle, while other autostereoscopic methods using lenticular or parallax barriers have only discrete viewpoints. In addition, integral imaging provides not only horizontal parallax but also vertical parallax, unlike the other autostereoscopic methods. Integral imaging had used a lens array and a film originally. However, the film has been replaced by a pickup device and a display device lately [3, 4] . It has been possible to display real-time 3D movies by virtue of the advancement of electronic devices such as the high-definition (HD) television camera, spatial light modulator, liquid crystal display (LCD), and so on. Some problems in the early stage of integral imaging have been overcome by steady research [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] .
However, the problem of the color moiré pattern occurs in 3D display, which degrades the quality of 3D integral imaging. In integral imaging the lens array is located in front of the display device and samples the corresponding elemental images on display device. It provides 3D images with different perspectives according to the viewing directions.
Typically the display device that provides elemental images expresses a color image by the combination of red (R), green (G), and blue (B) subpixels. Each color pixel is composed of three rectangular subpixels. Most have the stripe-type geometry, although there are various kinds of geometric arrangement of the primary colors such as triangular, stripes, and diagonal. Figure 1(a) shows the regular arrangement of color pixels with stripe type in detail. The lens array also has a regular lens pitch as shown in Fig. 1(b) . It is located on the display panel at a distance of the lens focal length. Here, the periodicity in geometry of R, G, B subpixels interferes with the periodicity of the lens array. A visible color periodic pattern, color moiré, is generated. Sometimes the moiré caused by the interference appears as a conspicuous color beat. It prevents observers from watching clear 3D images and degrades the quality of 3D images.
For the autostereoscopic method using lenticular lens sheets there were studies for reducing the moiré pattern. The simplest method is to turn the display panel by 90°to eliminate the horizontal periodic pattern of the color filter [15] . For another method each subpixel is placed in intimate juxtaposition with the slanted lenticular screen [16] , which motivates the proposed work. The previous studies made the moiré in lenticular 3D display less visible by making its pattern much finer. This approach is regarded as making some adjustment such that the moiré pattern becomes a spatial high-frequency pattern. The methods cited above are effective for reducing the horizontal moiré patterns. However, they are not suitable for integral imaging system that produces full parallaxes by two-dimensional (2D) lens array.
To solve the moiré pattern in integral imaging, some methods have been proposed. One is to use defocusing and a diffuser to suppress the moiré amplitude [17] . Using a diffuser is an efficient method and might be a fundamental solution. However, the defocusing affects the resolution of the 3D integrated image. Another is looking for the condition of making the moiré pattern less visible by analytical finding [18] [19] [20] [21] . However, it approximates both the lens array and the display panel as rectangular grids. The rectangular grid is approximated as two mutually perpendicular line gratings, which are simplified as sinusoidal gratings. The method assumes that each lens acts as a device with sinusoidal transparency and that a moiré is formed as four superposed sinusoidal gratings with black-and-white only for simplification.
In integral imaging, the lens array provides the perspective views of 3D image by sampling the corresponding pixel among the pixels in its elemental image according to the viewer's direction as mentioned above. The approximation of the lens as a rectangular grid disregards the role of the lens, which samples a corresponding pixel and expands it. In addition, in the process in which the line grating is simplified as a sinusoidal grating, the high-frequency components of the line grating are neglected.
The previous works performed difficult calculations for moiré analysis and showed the experimental results. However, there are no works for visualizing the moiré pattern itself, and experimental results of 3D display with a moiré pattern have been rare until now. In addition, all the methods explained above do not consider that an undesirable color of the image can occur. Recently, a color moiré reduction method by changing the layout of the color filter on LCD has been proposed [22] . It presents enhanced 3D display results. However, it may cost a lot to change the layout of the color filter and manufacture the corresponding lens array with exact pitch.
In this paper, we propose a method that visualizes the color moiré pattern in detail according to the tilted angle and analyzes the patterns using spatial Fourier transform for finding the color moiré-reduced optimal angle. At first, the color moiré pattern is simulated by changing the tilted angle between the lens array and the display panel on the assumption of ray optics according to the system parameters. A preliminary simulation has been reported recently by our group [23] . From the simulation results the proper angles where the moiré is reduced are found by numerically analyzing the spatial frequency using the Fourier transform. An explanation of the proposed method will be provided, and the simulation results and experimental results will also be presented. In the proposed method, the moiré pattern is simulated by considering the practical conditions of the lens array and the display panel. We calculated each sampled pixel for each lens, and each lens represents its corresponding pixel. The sampling occurs discretely in the simulation on the assumption of ray optics, which considers the high-frequency components also. Thus the simulation results agree well with the experimental results. Finally, some proper angles are obtained as the optimal angles by using the Fourier transform of the simulated moiré pattern. In addition, the configuration of the color filter in the display device is considered, and a realistic color moiré pattern is obtained. As a result, this approach is novel and provides new results.
Principle of the Proposed Method
Each lens in the lens array samples specific subpixels in the display panel as mentioned above. The stripetype RGB pattern is magnified by the corresponding lens, and it makes a distinct color pattern. As the lens array is rotated, the color moiré pattern is changed. The pattern is observed by varying the rotation angle of the lens array on the display panel. The pattern becomes vague or becomes distinct (which prohibits clear 3D display) as the tilted angle changes.
The visibilities of the color moiré patterns are widely different according to the rotation angle of the lens array. If the angle for which the color moiré pattern is the vaguest relatively is found, 3D images with reduced moiré can be displayed by slanting the lens array with the angle. However, the pattern varies so sensitively with the change of the angle that it is difficult to control the rotation angle of lens array precisely and find the angle with the naked eye. We need to expect the patterns according to the slant angle. The simulation of the color moiré pattern is indispensable.
A. Simulation of Color Moiré Pattern
The color moiré pattern according to the slant angle is simulated. Figure 2 shows the proposed simulation model of the color moiré pattern. As shown in Fig. 2 , the lens array located in front of the display device is rotated with the angle θ. Since the pattern has a symmetry with the variation of θ, it is enough to consider θ between 0°and 45°. For simplification the simulation is done under the following assumptions: First, the observer is located far enough away and the subpixel that is located in the center axis of each lens is observed as shown in Fig. 2 . The moiré pattern changes according to the observer's location since it is based on 3D display system. As the observer gets closer to the display system, the pattern seems to be expanded in horizontal direction generally. We set up a standard that the pattern observed from far enough away represents the pattern for a fixed slant angle. This enables us to examine the pattern characteristics effectively according to the slant angle. It does not limit the solution for a small size display. Second, the size of the black matrix in the display device is negligible. Third, the geometry of RGB subpixels in the display device is stripe-type. Fourth, the gap between the lens array and the display device is the focal length of the lens array. Fifth, the display device displays a white image. The simulation considers system parameters such as lens pitch and the pixel pitch of the display panel. We assume ray optics.
When the lens array stands erect, the center of the nth in the horizontal and mth in the vertical lens in the lens array, Lðn; mÞ, can be derived in dimension of pixel easily as follows:
where φ is the lens pitch and p is the pixel pitch of the display device. n ¼ 1; 2; 3; … is the number of lenses in the horizontal direction, and m ¼ 1; 2; 3; … is the number of lenses in the vertical direction. The sampled color of the lens, Cðn; mÞ, depends on the decimal place of the location, dðn; mÞ, as follows:
R 0 ≤ dðn; mÞ < When the lens array is titled by θ, the center of the rotated lens, L θ ðn; mÞ, is
The sampled color of the lens, C θ ðn; mÞ, can be calculated as follows. The horizontal x-axis component of L θ ðn; mÞ is denoted as L θ ðn; mÞ x :
R 0 ≤ dðn; mÞ < According to Eq. (4), the color pattern is simulated. By simulation we can expect a color moiré pattern according to the slant angle θ. Figure 3 shows some of the simulation results according to the slant angle. Since a HD LCD monitor will be used in the experiment, we inserted the same system parameters as the experimental setup, which will be mentioned in the experimental results again. The pixel pitch of the display device is 0.1245 (horizontal, H) by 0.1245 (vertical, V) mm. A 50 by 50 lens array is considered in this simulation. The lens pitch is 0:983 mm with focal length 3:3 mm. According to the location of each lens, the corresponding subpixel is calculated by the simulation for various values of θ from 0°to 45°with regular interval, 1°.
As the simulation results in Fig. 3 show, the color moiré patterns are large and distinct when θ is 0°, 30°, 35°, or 40°. However, when θ is 5°, 10°, or 20°, the patterns are relatively vague. It is because the R, G, and B subpixels that are sampled and magnified through the lens array are mixed well. When the sampled color of a lens is the same as the sampled color of the neighboring lens, the region of the color grows larger, which is recognized as one mass. It becomes more distinct, and the pattern is clearly visible. The pattern when θ is 0°, 30°, 35°, or 40°in Fig. 3 corresponds to this situation. On the contrary, if the sampled color of a lens is different from that of the neighboring lens, the size of the color region remains as a lens size. The primary colors R, G, and B are decentralized, and the pattern is less visible. This situation corresponds to the cases when θ is 5°, 10°, or 20°.
All patterns according to the slant angle can be examined in detail by simulation. We can choose the angles where the moiré is reduced most. Figure 4 shows some examples at the chosen angles where the moiré pattern is reduced. As expected, most lenses have different sampled colors compared with their neighboring lenses.
The color moiré patterns depend on the system parameters of the integral imaging system, i.e., the lens pitch and the pixel pitch of display. If the system parameters are known, the color moiré pattern according to the slant angle can be anticipated easily by the proposed simulation. This is a distinct advantage of the proposed method, which enables us to visualize the moiré pattern according to the slant angle. This is straightforward, and we can see the expected color moiré patterns with ease.
B. Optimal Angle
For a logical decision we should formulate the quantitative conditions of moiré pattern reduction. As mentioned above in the case that the sampled color of a lens is different from those of the neighboring lenses, each region of the color remains as a lens size, which is the possible smallest size. The primary colors R, G, and B are decentralized, which results in a less visible pattern.
As the above simulation results show, the sampled ratios of each R, G, or B seem to be similar to each other: the number of R is almost the same as the number of G or B regardless of the slant angle as shown in Fig. 4 . To verify this, each ratio of R, G, and B is calculated according to the slant angle. Figure 5 shows the sampled ratio of each color versus the slant angle. The ratio of each color is almost constant regardless of the slant angle. For regular dispersion of R, the intervals between the R's should be uniform. Since the ratio is constant, the intervals between R's should be the same. In this case, the pattern of R has high spatial frequency.
In addition, the difference among R, G, and B in the simulated moiré pattern is that their locations in display device are relatively shifted on the horizontal (x axis) direction in the stripe-type color filter. The sampling by lens array is shifted. As a result, it causes a pattern shift only. The pattern of one color, e.g., R, is similar to the patterns of G and B except for the shift of the patterns.
Thus, for examining the spatial frequency it is enough to consider only one color in the color moiré pattern. The condition that the primary colors are decentralized and less visible yields the condition that the image has a high spatial frequency. The spatial frequency is the main factor that enables the quantitative analysis of the color moiré patterns to find the optimal angle. Thus we need to calculate the spatial frequency of the color moiré pattern.
We propose to use the fast Fourier transform algorithm to analyze the patterns. It can compute the spatial frequency of the color moiré pattern according to the rotation angle. Using fast Fourier transform algorithm the red moiré patterns are discrete Fourier transformed. The R of the simulated moiré pattern, C θ ½x; y R , is discrete Fourier transformed into Fðu; vÞ as follows:
where u ¼ 0; 1; 2; …, N − 1, and v ¼ 0; 1; 2; …, N − 1. N ¼ 50 because a 50 by 50 lens array is considered in the simulation of the color moiré pattern. From Fðu; vÞ the amplitude of each discrete spatial frequency term can be calculated directly in 2D image. The Fourier transformed results show the variety frequency terms that make a pattern. Figure 6 shows the results: the color moiré patterns are discrete Fourier transformed. The R patterns according to the slant angle are used. The results show that one image has various frequency components as expected. The peak in the center is the DC term. The maximum peaks except the DC are the dominant frequency terms in the image even though there are other peaks also. The results in Fig. 6 can be understood by comparing them with the simulation results in Fig. 3 . When θ is 0°, 30°, 35°, or 40°, the color moiré patterns are large and distinct. Figures 6(a) and 6(g)-6(i), show that the dominant frequencies with maximum amplitude are comparatively lower than those of Figs. 6(b) and 6(c), or 6(e) when θ is 5°, 10°, or 20°. If the dominant frequency is lower, we can expect the pattern spacing is larger and more visible. The simulation results of Fig. 3 prove the expectation.
For simplification only the dominant frequency term that has the maximum amplitude is considered according to the slant angle. The dominant frequency is regarded as the spatial frequency of the pattern. We calculate the dominant frequency versus the rotation angle from the results of discrete Fourier transform according to the slant angle. Figure 7 shows the dominant frequency results versus the rotation angle.
As the slant angle varies, the dominant spatial frequency is changed. When the angle is 18°or 35°, the frequency of the pattern is the highest. Hence the patterns at the angles were expected as the reduced moiré patterns. Figure 8 shows the patterns at the angles. 
However, the vivid color moiré patterns are recognized in Fig. 8 . In the patterns of Fig. 8 we can see that the color R is well separated and the distance between R's is small in both moiré patterns. It is the same in the cases of G and B also. This may contribute to the amplitude of high-frequency component. However, as a whole, there are regions where each color is not shown in turn. There are three types of regions: one region consists of regular R and G, another region consists of G and B, and the other consists of B and R. Those make yellow (Y), cyan (C), and magenta (M) colors, respectively. The observer sees the clear patterns of Y, C, and M in Fig. 8 even if there are only the colors R, G, and B. Thus it is not appropriate to consider the dominant frequency only. Although the dominant frequency is high, there are low-frequency components, and each color is not shown regularly in turn. Figure 9 shows the Fourier transform results of Fig. 8 . As expected, there are considerable low-frequency components when the slant angle is 18°or 35°. Even if the dominant frequency is high, there are also considerable low-frequency components, which should be considered for preventing vivid C, M, and K patterns.
There are also low-frequency components in Figs. 6(b) , 6(c), and 6(e), which consist of moiré patterns. However, they are negligible compared with those of Fig. 9 , and the simulation results in Fig. 3 prove this. Although human eyes recognize the pattern synthetically, it is difficult to make a criterion for deciding whether the low-frequency component is considerable or not in numerical value. For a better analysis, the human factors should be considered. However, this is out of the scope of this paper, and we decided on a criterion of one-third of the amplitude of the dominant frequency. We say the lowfrequency component is considerable when the amplitude of low frequency is over one-third of the amplitude of the dominant frequency. We advanced the calculation to consider the low-frequency component also. Figure 10 shows the results according to the angle. DHF means a dominant high frequency, and LF means a considerable low frequency. The figure shows the calculated main low spatial frequency component for comparison with Fig. 7 . Even though the frequency of maximum amplitude is high, there are low-frequency components when the rotation angle is 18°, 19°, 34°, or 35°. From the above analysis result of Fig. 10 we can expect roughly that the reduced color moiré pattern will be observed at 10°, 12°, 17°, 20°, or 33°.
Until now we have considered R, G, and B color filters without a black matrix as mentioned in the assumptions for the simulation above. However, for a more accurate color moiré pattern simulation, the effect of black matrix in moiré pattern is added in the following. At first, using a microscope we observed the configuration of the color filter and black matrix of the HD LCD panel (Viewsonic VP2290b, 22.2 in.) used in this experiment. The actual size of the black matrix is measured and considered in the simulation. Figure 11 shows the configuration of one pixel. It has a dual mode in-plane switching structure and has a unique configuration as shown in Fig. 11 . We can see that the center region is black horizontally, which is assumed to be a transistor line. Even if it looks like two pixels, it works as a single pixel. This is different from the rectangular R, G, B arrangement of a twisted nematic mode. In the present case, the vertical region between colors is so narrow that only the thick horizontal black matrix regions are considered for simulation. Based on this configuration the moiré pattern of the black matrix can be simulated easily, and the spatial frequency of the moiré pattern can be numerically calculated from the black matrix using the same numerical calculation process as the color filter that is considered above. Figure 12 shows the spatial frequency, DHF and LF, of the moiré pattern from the black matrix according to the angle.
For finding the proper angles the spatial frequencies of the moiré patterns from both the color filter and the black matrix are considered in this paper. First, we consider all angles that have larger LF than 17°from Fig. 10 . The angles are 5°, 10°, 12°, 13°, 14°, 16°, 20°, 21°, 25°, 27°, 32°, 33°, 36°, 37°, 43°, and 44°. Second, among the angles we select the ones that have larger LF of the black matrix than 17°from Fig. 12. They are 10°, 12°, 14°, 16°, 20°, 21°, 25° , 33°, 36°, and 43°. Third, when the direction of the spatial frequency from the color filter is parallel to that from the black matrix in 2D Fourier transform results, the moiré pattern gets strong. The angles for which the directions of the dominant spatial frequency of the black matrix and the color filter are similar are eliminated among the angles. The angles 12°, 14°, 20°, 33°, 36°, and 17°are the remainders. Last, if the LF is similar for several angles, the angle at which DHF is higher than that of the other angles is favorable. The angles 12°, 17°, 20°, and 33°are proper angles, which are the expected color moiré-reduced angles from the proposed analysis method.
Experimental Results
In this experiment an HD LCD and a lens array are used. Figure 13 In this experiment, we implemented one real image and one virtual image. Two character images, "3" and "D" are used. The image "3" is located 20 mm in front of the lens array, and "D" is located 20 mm behind the lens array. The computer-generated integral imaging is used for generating the elemental images. We modified the conventional computer-generated integral photography algorithm for the slanted lens case and recalculated the elemental images according to the rotation angle of the lens array. This approach uses ray optics in a manner of the reverse of the pickup step. Figure 14 shows the experimental results of a color moiré pattern when the panel displays a white image and the simulation results in which both the color filter and the black matrix are considered for comparison. We took a photograph of the color moiré pattern at a distance of about 2 m from the display. A Canon HD digital camera is used to capture the pattern. As expected, the color moiré patterns occur even if the white image is displayed in the display panel and 
the color filter and the black matrix is sampled through the rectangular lens array located in front of the display panel. The experimental results agree with the simulation results well, which verifies the validity of the proposed moiré pattern simulation. However, there are some differences between the experimental results and the simulation results. When the slant angle was 11°, 16°, or 43°, the experimental color moiré pattern did not match the simulation result perfectly as shown in Fig. 14 . It is difficult to control the slant angle of the lens array exactly, which can cause some mismatch between the simulation and the experimental result. In addition, even small errors in the precisions of the lens pitch, the display panel pixel pitch, etc., can severely affect the simulation and the experimental results. Figure 15 shows another experimental result for a 3D display. We took photographs of the 3D images at a distance of about 2 m from the display panel. The 3D images, integrated by tilting the lens array, are shown according to the diverse slant angles. For verifying the proposed expectation method that analyzes the spatial frequency, the 3D images are integrated with the angles of the color moiré pattern that has not only high-frequency but also considerable low-frequency components. The color moiré patterns are observed in 3D images as shown in Fig. 15 . As expected in the spatial frequency result versus the slant angle in Figs. 10 and 12 , the patterns are vivid and more distinct when the slant angle is 0°, 18°, 19°, 34°, or 35°than in the other cases. The experimental results verify the proposed method to find the proper angles with a reduced color moiré pattern. There is some discrepancy between the simulation results and the experimental results. This is because the precise alignment with exact slant angle between the lens array and the display panel is difficult as mentioned above. To align the lens array and the HD elemental image in the panel requires very fine control. Our control may cause some different perspectives of "3" and "D" in some angles. In addition, the lens pitches in the lens array are not the same, and the thickness of the lens array is not constant in the practical case. The assumption that the observer is located at infinity can cause a difference also. However, we can get proper angles with a reduced moiré pattern approximately from the simulation and numerical calculation results. Figure 16 shows additional experimental results with reduced moiré pattern using two flower 3D images, a rose and a pansy, observed from different directions. The rose is 20 mm in front and the pansy is 20 mm behind the lens array. The elemental image is generated according to the moiré-reduced angle and the 3D images are reconstructed experimentally by using the slanted lens array. For moiré-reduced 3D display the rotation angle is set to 17°in this experiment. In addition, the experiment was also performed again when the slant angle is 0°for comparison of the color moiré pattern in 3D images. Figures 16(a) and 16(b) show integrated 3D images in the conventional case (when θ is 0°). right colors. As the experimental results show, using the proposed technique, the color moiré pattern can be reduced effectively and a clear 3D image can be displayed.
Conclusion
We proposed a moiré pattern reduction method in integral imaging by tilting the lens array with an optimal angle. For examining the moiré patterns, the color moiré pattern according to the rotation angle is simulated, where RGB color filters and a black matrix in the display device are considered and a color moiré pattern is obtained. The proposed modeling enables us to visualize the moiré pattern in detail. From the visualized moiré pattern, the spatial frequency can be analyzed using a Fourier transform. With the proposed process we can find the desirable angles where the moiré is reduced. The proposed method is simple and makes it easy to reduce the moiré pattern and enhance the quality of 3D display. The experimental results show that the color moiré pattern of the 3D integrated image is alleviated remarkably compared with that in the conventional method. With the proposed technique any color moiré patterns in integral imaging can be expected in detail, and clear 3D images can be displayed.
